Asymptotic Expansions and Two-Sided )
Bounds in Randomized Central Limit ek
Theorems

Sergey G. Bobkov, Gennadiy P. Chistyakov, and Friedrich Gotze

Abstract Lower and upper bounds are explored for the uniform (Kolmogorov) and
L?-distances between the distributions of weighted sums of dependent summands
and the normal law. The results are illustrated for several classes of random variables
whose joint distributions are supported on Euclidean spheres. We also survey several
results on improved rates of normal approximation in randomized central limit
theorems.
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1 Introduction

A random vector X = (X1, ..., X,) in R” (n > 2) defined on the probability space
(2, 5, P) is called isotropic, if

EX,‘X]' = 5ij for all i, ] <n,
where §;; is the Kronecker symbol. Equivalently, all weighted sums
So=01X1+ 46Xy,  O0=(O1....00), O +---+0; =1,

with coefficients from the unit sphere S"~! in R” have a second moment ]ESQ2 = 1.
In this case, provided that the Euclidean norm |X| is almost constant, and if n is
large, a theorem due to Sudakov [27] asserts that the distribution functions

Fyp(x) =P{Sp <x}, xeR,
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are well approximated for most of # € S"~! by the standard normal distribution
function

®(x) = /2 gy,

l X
— e
21 /—oo
Here, “most” should refer to the normalized Lebesgue measure s,_; on the sphere.
This property may be quantified, for example, in terms of the Kolmogorov distance

p(Fp, @) = sup|Fp(x) — ®(x)].

Being rather universal (since no independence of the components X} is required),
randomized central limit theorems of such type have received considerable interest
in recent years. For the history, bibliography, and interesting connections with other
concentration problems we refer an interested reader to [8, 9, 12]. Let us mention
one general upper bound

logn
NI

which holds true with an absolute constant ¢ > 0 for any isotropic random vector X
(cf. Theorem 1.2 in [8]). Here and elsewhere, [Eg denotes an integral over S"~! with
respect to the measure s,_1, and the bound involves the variance-type functional

Eg p(Fo, ®) < c(1+04) (1.1)

1
of =0(X) =~ Var(X[) (04 = 0).

Modulo a logarithmic factor, the bound (1.1) exhibits a standard rate of normal
approximation for Fp, in analogy with the classical case of independent identically
distributed (iid) summands with equal coefficients. It turns out, however, that in the
model with arbitrary 6 € S"~! and independent components Xy, the standard rate
for p(Fp, ®) is dramatically improved to the order 1/n on average and actually
for most of 6. Motivated by the seminal paper of Klartag and Sodin [20], this
interesting phenomenon was recently studied in [9, 10] for dependent data under
certain correlation-type conditions. The last chapters of this paper provide a short
account of these improved rates of normal approximation.

One of the main aims of this work is to develop lower bounds with a similar
standard rate as in (1.1) (modulo logarithmic factors) and to illustrate them with a
number of examples of random variables X often appearing in Functional Analysis.
These results rely on a careful examination of the closely related L>-distance

w(Fy, ®) = (/

—0o0

[e.¢]

12
(Fy(x) — q>(x))2dx) .
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Similarly to (1.1), it can be shown that for the class of isotropic random vectors the
inequality

1
Eg 0 (Fp, ®) < ¢ (1+0}) - (1.2)

holds without an unnecessary logarithmic term. However, in order to explore the real
behavior of the average L2_distance, some other characteristics of the distribution
of X are required. For example, assuming that the distribution is supported on the
sphere /nS"~!, the L>-distance admits an asymptotic expansion in terms of the
moment functionals (normalized L?-norms)

my=mp(X) =

1 1 1/p
7 (E(X,v)P)"? = (Z EX;, ...Xip)2> .
Here, Y is an independent copy of X, and the summation is performed over all
indices 1 <1i1,...,i, < n. The second representation shows that these functionals
are non-negative for any integer p > 1. Note that m; = 0 if X has mean zero,
my = 1if X is isotropic, and m, = 0 with odd p when the distribution of X is
symmetric about the origin. The following expansion involves the moments m, up
to order 4.

Theorem 1.1 Let X be an isotropic random vector in R" with mean zero and such
that |X|* = n a.s. We have

Eg w?(Fy, ®) = C/ m3 + 0( m}) (1.3)

with ¢ = Similarly, with some absolute constants c1, ¢y > 0,

mf

cilogn 5 c2(logn)? 4
m

Eg p*(Fp, @) < . 1.4

As we will see, in the general isotropic case without the support assumption,
but with bounded oy, the average L?-distance is described by a more complicated

formula
1 1
Eg 0*(Fy, ®) = —— (1 + — ) E/|X|2 + |Y]?
@ (Fy, ®) = —— (14 o) B IXP+17]

_ ﬁ(1+$>E|X—Y|+O<1:;42), (1.5)

which holds whenever E |X|? = n.
In the setting of Theorem 1.1, using the pointwise bound | (X, Y) | < n together
with the isotropy assumption, we have E (X, Y)Y < n? and E(X,Y)* < n3.
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Therefore, the inequalities (1.3) and (1.4) yield with some absolute constant ¢ > 0

1 2
By o?(Fy, ®) < S, Eg p2(Fp, &) < S0081°
n

) (1.6)

thus recovering the upper bounds (1.1) and (1.2) for this particular case (since o4 =
0). On the other hand, for a large variety of examples, such bounds turn out to
be optimal and may be reversed modulo a logarithmic factor (for large n). To see
this, one may use the following lower bound which will be derived from a slightly
modified variant of (1.5).

Theorem 1.2 Let X be a random vector in R" satisfying E IX|2 = n, and let Y be

its independent copy. For some absolute constants c1, ¢y > 0, we have

1+0f
n?

1
By 0?(Fp, ®) > c1P[|X—Y| < zﬁ} —o (1.7)

Thus, if the probability in (1.7) is of order at least 1/n, and o4 is bounded, the
right-hand side of this bound will be of the same order. If, for example, |X| = /n
a.s., we then obtain that By »? (Fy, ®) ~ 1/n.Inorder to derive a similar conclusion
for the Kolmogorov distance, one may refer to the next statement.

Theorem 1.3 Let X be an isotropic random vector in R" such that |X| < b\/n a.s.
Suppose that we have a lower bound at the standard rate

D
Eg w?(Fp, ®) > —
n

with some D > 0. Then with some absolute constants cg, c1 > 0

co D> ca(l+0)

E Fy, F) >
0 p(Fp, F) = (1 + 04)3b% (logn)*/n n

These estimates may be employed to arrive at the two-sided bounds of the form

C1

1
D < Byt (Fy. @) < L cLogn
n n

€0
—————— <Egp(Fp, ®) <
(Togn)i o = o p(Fo, @) <

with some absolute constants cgp > 0 and ¢; > 0. Examples where both inequalities
in (1.8) are fulfilled include the following uniformly bounded orthonormal systems
in L2(Q, 3, P):

(1.8)

(i) The trigonometric system X = (X1, ..., X,) with components

Xok-1(t) = V2 cos(kt),
Xor(t) = V2 sin(kt) (—mw <t<m k=1,...,n/2, neven)
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(i)

(iii)

@iv)

v)

(vi)

on the interval Q = (—m, ) equipped with the normalized Lebesgue measure
P.
The cosine trigonometric system X = (X1, ..., X,) with

X (1) = /2 cos(kt)

on the interval 2 = (0, ) equipped with the normalized Lebesgue measure [P.
The normalized Chebyshev polynomials X1, ..., X, defined by

Xi() = ﬁcos(k arccost)

- ﬁ[;" — (’;):H(l — 4+ (Z)r”—“(l — 2o ]

Q=(-11 ipped with th babilit dP(t) = L_ a1,
on ( ) equipped wi e probability measure dPP(¢) I

[t] < 1.
The systems of functions of the form

Xe(t,s) =Wkt +s), k=1,....n 0<t,s<1)

on the square 2 = (0, 1) x (0, 1) equipped with the Lebesgue measure P. In
this case, (1.8) holds true for any 1-periodic Lipschitz function W on the real
line such that fol W(x)dx = 0 and fol W (x)2dx = 1 with constants ¢y and ¢;
depending on W only.

The Walsh system

X ={Xc}rzg, T CA{l,....d},

of dimension n = 29 — 1 on the discrete cube Q = {—1, 1}¢ (the ordering
of the components does not play any role). Here, IP denotes the normalized
counting measure, and

X.0)=[]u fort=(.....ta) Q.

ket

Random vectors X with associated empirical distribution functions Fy based
on the “observations” Xy = /n 0 (1 <k < n).

The paper is organized as follows. We start in Sect.2 with a review of several
results on the so-called typical distributions F which serve as main approximations
for Fy (in general, they do not need to be normal, or even nearly normal). Sections 3—
7 deal with the L2-distances o (Fy, F) only, while Sects. 8—12 are mostly focused
on the Kolmogorov distances p (Fy, F). In Sect. 13, the examples described in items
(1)—(vi) illustrate the applicability of Theorems 1.1-1.3, thus with a standard rate of
normal approximation. In Sect. 14 we consider lacunary trigonometric systems and
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show that the typical rate is improved to the order 1/n. Similar improved rates are
also reviewed in the last section in presence of certain correlation-type conditions.
Thus an outline of all sections reads as:

Introduction

Typical distributions

Upper bound for the L?-distance at standard rate

General approximations for the L2-distance with error of order at most 1/n
Proof of Theorem 1.1 for the L2-distance

General lower bounds for the L?-distance. Proof of Theorem 1.2
Lipschitz systems

Berry-Esseen-type bounds

Quantitative forms of Sudakov’s theorem for the Kolmogorov distance
10. Proof of Theorem 1.1 for the Kolmogorov Distance

11. Relations between L!, L% and Kolmogorov distances

12. Lower bounds. Proof of Theorem 1.3

13. Functional examples

14. The Walsh system; Empirical measures

15. Improved rates for lacunary systems

16. Improved rates for independent and log-concave summands

17. Improved rates under correlation-type conditions

NN R DD~

e

As usual, the Euclidean space R” is endowed with the canonical norm | - | and
the inner product (-, -). In the sequel, we denote by Ey an integral over S"~! with
respect to the measure s,_1. By ¢, c1, ¢2, ..., we denote positive absolute constants

which may vary from place to place (if not stated explicitly that ¢ depends on some
parameter). Similarly C will denote a quantity bounded by an absolute constant.
Throughout, we assume that X is a given random vector in R” (n > 2) and Y is its
independent copy.

2 Typical Distributions

In the sequel, we denote by
F(x) =EgFy(x) =EgP{Ss =< x}, xe€eR,

the mean distribution function of the weighted sums Sy = (X, ) with respect to
the uniform measure s,,_1. It is also called a typical distribution function using the
terminology of [27]. Indeed, according to Sudakov’s theorem, if X is isotropic, then
most of Fy are concentrated about F in a weak sense (cf. [1, 2, 8] for quantitative
statements).

However, whether or not F' itself is close to the normal distribution function ®
is determined by the concentration properties of the distribution of | X|. Note that,
due to the rotational invariance of s,_1, the typical distribution can be described as
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the distribution of the product 6 | X|, assuming that 6 = (61, ..., 8;,) is a random
vector which is independent of X and has distribution s,_1. In this product, 6y 4/n is
almost standard normal, so that F is almost standard normal, if and only if \/iﬁ | X|

is almost 1 (like in the weak law of large numbers). This assertion can be quantified
in terms of the weighted total variation distance by virtue of the following upper
bound derived in [7].

Proposition 2.1 IfE |X|> = n (in particular, when X is isotropic), then

L/ U+x%ﬁﬁh)—®@ﬂ|§£(k¥%dﬂ0)

—00

In particular, this gives a non-uniform bound for the normal approximation,
namely

|[F(x) —®x)| < +Var(|X|)), x eR. (2.1)

— % q
n(1+x2)(

In these bounds we shall rely on the following monotone functionals (of p)
X|? P\ P
m=ﬁ@ﬁL4U L=l (2.2)
n

where the particular cases p = 1 and p = 2 will be most important. If E |X|*> = n,
we thus deal with a more tractable quantity

1
ﬁ:zwmm%

Using an elementary inequality Var(&) E&2 < Var(£2) (which is true for any random
random variable & > 0), we have Var(]X|) < 042. Another similar relation

1
502 = Var(IX]) < Vo

can be found in [8]. From (2.1), we therefore obtain the following bounds for the
normal approximation in all L?-norms

uF—®m=(f

]

F) — ol dx)

including the limit case

[F = ®@lloc = p(F, ®) = sup [F(x) — P(x)].
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Corollary 2.2 IfE |X|?> = n, then, forall p > 1,

1+o0» 1+0?
|F—®|, <c N |F—®|, <c n“. (2.3)

Note that the characteristic function associated to F is given by
f(1) = EgE'%0 = By E"X10 = E J,(11X)), teR, (2.4)

where J, denotes the characteristic function of the first coordinate 6; of 6 under
s5,—1. Hence, by the Plancherel theorem,

w*(F, ®) = 1 foo (E J,(t1X]) —e—’z/z)2 di

. 2.5
27 J_oo 12 25)

For p = 2, the relations in (2.3) can also be derived by means of (2.5) and by virtue
of the following Edgeworth-type approximations derived in [8] and [10].

Lemma 2.3 Forallt € R,
| Ja(t/n) — 2| < < min(1, £3). 2.6)
n

Moreover,

4
Jn(t/m) — (1 _ ;—n) e*lz/z‘ < % min(1, 4. @2.7)

The functions J, have a subgaussian (although oscillatory) decay on a long
interval of the real line. In particular, as was shown in [8],

[ (tvm)| < 52442 1 eR. (2.8)

This bound can be used for the estimation of the characteristic function of the typical
distribution, by involving the variance-type functionals 7).

Lemma 2.4 The characteristic function of the typical distribution satisfies, for all
teR,

p
1+o0, »

—12/4
cplf@®)) < e + pyYE

with constants ¢, > 0 depending on p > 1 only. Consequently, for all T > 0,

T 1+of
Cp 1 2p
—- Hldt < — + —
Tfo IfOldt = -+ ——7
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Proof One may split the expectation in (2.4) to the event A = {| X |2 < An} and its

complement B = {|X|2 > Aan},0 < A < 1. By (2.8),

B, (X)) 15 <E (51X 4 ae7n/12) 1

< Se—mZ/z +d4e 12,
On the other hand, recalling the definition (2.2), we have

P(A) = P{n — |X* > (1 — Mn}
P

B XPP = — 2
(. —=Mn)?

=1

Choosing A = 5, and since |J,(s)| < 1 forall s € R, we get

EJp(tIXD] 14 < Qo2p)? n~ P2,
thus implying that

1FO] < 5 4412 4 20y,)P n P/,

This readily yields the desired pointwise and integral bounds of the lemma.

(1 —1)Pnr/2

2.9)

O

If |X| = /n as., the typical distribution F is just the distribution of /n 6y,
the normalized first coordinate of a point on the unit sphere under s,,_;, whose
characteristic function is J,(z+/n). In this case, the subgaussian character of F
manifests itself in corresponding deviation and moment inequalities such as the

following.

Lemma 2.5 Forall p > 0,

gl < 2(2)""

(2.10)

This inequality can be derived from the well-known bound on the Laplace

transform

2
t
Egetel fexplﬂ], IER,
n—
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which follows from the fact that the logarithmic Sobolev constant for the unit
sphere is equal to n — 1 (cf. [21]). Using x? < (f)l’ e*, x > 0, we have
[x]P <2 (g)l’ cosh(x), x € R, and the above bound implies

2

)4
1P By 6117 <2 (3) eTi T for allt > 0.
e

The latter can be optimized over ¢, which leads to (2.10), even in a sharper form.
In this connection, let us emphasize that rates for the normal approximation for F
that are better than 1/n cannot be obtained under the support assumption as above.

Proposition 2.6 For any random vector X in R" such that |X|* = n a.s., we have

Eg p(F, ®) =

S| o

Proof One may apply the following lower bound

1 r —2 t
p(F, @) > T ‘/{; (f()—e )(1—?)6”, (2.11)

which holds for any 7' > 0 (cf. [3]). Since |X|2 = n a.s., we have f(t) = J,(t/n).
Choosing T = 1 and applying (2.7), it follows from (2.11) that p(F, ®) > - for
all n > no where ng is determined by ¢ only. But, a similar bound also holds for
n < ng since F is supported on the interval [—./7, 4/n]. i

3 Upper Bound for the L?-Distance at Standard Rate

Like in the problem of normal approximation for the typical distribution function
F = EgFp, the closeness of distribution functions Fp of the weighted sums
So = (X,0) (0 € " to F in the metric w can also be explored in terms of
the associated characteristic functions (the Fourier-Stieltjes transforms)

o
fo(t) = Ee'X9 =/ N aFy(x), teR. (3.1)

—00

Again, let us start with the identity

00 _ 2
! / o) — fOF (3.2)

2
Fo,F) = —
w (Fy, F) e 5

—00

Here, the mean value of the numerator represents the variance Eq | f5(1)|* — | £ (1) |?
with respect to s,,_1. Moreover, using an independent copy Y of X, we have

Eg | fo(t)]* = Bg R "X~V = EJ, (1| X - ¥)). (3.3)
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Hence, the Plancherel formula (3.2) together with (2.4) yields

1o d
By w?(Fy, F) = E/ (IEJ,,(t|X —yp-— (EJ,,(t|X|))2) t—zt (3.4)

In this section our aim is to show that the above expression is of order at most
O(1/n) provided that the mean a = EX, m, = my(X) and of = 042(X) are of
order 1. The next statement contains the upper bound (1.2) as a partial case.

Proposition 3.1 Given a random vector X in R" withEX = a and E |X|* = n, we
have

A
Eo w*(Fp, F) < = (3.5)
n

with A = 1+ al? —|—m% —i—crf. A similar inequality continues to hold with the normal
distribution function ® in place of F.

If X is isotropic, then my = 1, while |a| < 1 (by Bessel’s inequality). Hence,
both characteristics m;, and a may be removed from the parameter A in this case.
However, in the general case, it may happen that m, and o4 are bounded, while |a|
is large. The example in Remark 3.2 shows that this parameter can not be removed.

Proof Note that, for any > 0,
00 : 1, t2 2
/ LG}dr = 4, (3.6)
oo t

Hence, in the formula (3.4), the expectation EJ, (¢|X — Y|) can be replaced using
the normal approximation (2.6) at the expense of an error not exceeding

o0 P2IX—YPPydt  4c_|X—Y 8
SE/ mmh_L__L}T:::El L _ 8
n t n Jn n

where we used that E | X| < /. Similarly, by (2.6) and (3.6),

9
n -0

* 2 _21xP2 /a2 dt i iy dE
/ ‘(E]n(t|X|)) — (Eem"1X17/2m) ‘72 521@[ | T (11X ]) — " 1X] /2”|t—2
—00 —00
2 00 2x2
__C]E/ min[l,fl_l dr
n oo n 12
8¢ _ |X]| 8c

n o Jn T on
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Hence, using these bounds in (3.4), we arrive at the general approximation

By *(Fy, F) = %/m (Ee*ﬂ'x*ylz/zn—(Ee*’z'x'z/z”)z) a.c
—0oQ

12 n

where we recall that C denotes a quantity bounded by an absolute constant.

Introduce the random variable

X —Y|?
,02=—

o (p = 0).

By Jensen’s inequality, Ee—t2|X|2/2n > e"Z/Z, so that, by (3.7),
00 e—pztz _ e—tz

1 c
Eg w?*(Fy, F) < —E ——dt + —.
o 0 (Fy )_271 / " +

—00

(3.7)

The above integral is easily evaluated (by differentiating with respect to the variable

“p2"), and we arrive at the bound

1 c
Eg w*(Fy, F) < — (1 — E y
g 0 (Fy )_ﬁ( ,0)+n

(3.8)

To further simplify, one may apply an elementary inequality 1 — x < % a-

x2) 4+ (1 — x*)? (x > 0), which gives
Ep 0*(Fp, F) < ——E(1— p’) + —=E(1— p»? + &
T o m JT n

Since

n—|X> n—|Y? (X,Y)
+ +

1-p?=
P 2n 2n n

3

we have
1 1 1
1-Ep?=-E(X,Y)=—|EX|*> = - |a*.
n n n

In addition,

n—|X1?2 n—|Y*\? X, Y)?
(1—,02)252( 2’|1| n 2,|1|>+2(n2>’
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which implies

<Var(|X|2) E(X,Y)?> o} +2m3

7 T2 -

E(1 - p%? >

n n n

Using this estimate in (3.8), the inequality (3.5) follows immediately.
For the second assertion, it remains to apply Corollary 2.2. O

Remark 3.2 Let us illustrate the inequality (3.5) in the example where the random
vector X has a normal distribution with a large mean value. Given a standard normal
random vector Z = (Zi, ..., Zn—1) in R*~! (which we identify with the space of
all points in R” with zero last coordinate), define

X =aZ+ re, with 1§A§n1/4, otz(n—l)—f—)\z:n,

where ¢, = (0, ..., 0, 1) is the last unit vector in the canonical basis of R”. Since
Z is orthogonal to e, so that 1X2 = a?|Z|? + A2, we have E | X|? = n, and

4 40 3 2y2
of = Cvar(zpy = 202D < 2:l<nf1)>

Let Z’' be an independent copy of Z. Then Y = aZ’ + \e, is an independent
copy of X, so that

1 1

my = —E(X,¥)? = —(@*@n-1D+1H <2
n n

Thus, both m, and o4 are bounded, while the mean a = EX = Ale, has the

Euclidean length |a| = A > 1. Hence, the inequality (3.5) being stated for the

normal distribution function in place of F simplifies to

)\2
Ep 0?(Fp, @) < .
n

Let us show that this bound may be reversed up to an absolute factor (which
would imply that |a|?> may not be removed from A). For any unit vector § =
01, ..., 0y,), the linear form

So = (X,0) =at Z1 + - +abh—1Z,—1 + A0,

has a normal distribution on the line with mean ESy = A8, and variance Var(Sp) =
a?(1 — 62). Consider the normal distribution function ® po2(X) = ®(F) with

parameters 0 < p < 1 and% <ol<l1(0>0).Ifx < H—La’ then *=£ < x, and on
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the interval with these endpoints the standard normal density ¢(y) attains minimum
at the left endpoint. Hence

@ -0l = [ emay = (x= ) (),

= o o
so that
% X — 2 X — 2
a)z(CDM -2, P) > / (x — M) (p( M) dx
’ o0 o o
o _ﬁ
o _y2
= (n =1 —=0)y?e™2dy
—0Q
auz ~Tie 2
> — e Pdy > eul.
S =
In our case, since A < n!/4 and
2 _
ok — n—Xx o Jn - 1_L’
n—1 =" n—-1 ~ Jn
we have |[ESy| < 1 and Var(Sy) > %on theset 2, = {0 € "1 :16,] < l‘i}g;l"} with
n large enough. It follows that
c'22

Eg w*(Fp, ®) > cA*E62 1jpeq,) =

4 General Approximations for the L2-Distance with Error
of Order at Most 1/n

We now turn to general representations for the average L2-distance between Fg and
the typical distribution function F' with error of order at most 1/n.

Proposition 4.1 Suppose that E |X| < by/n for some b > 0. Then

1 Ch
Eg w?(Fy, F) = —ER + —, 4.1)
N2 n?
where
X124+ |YPH/2 1 IXP*+|Y)* X-Y 1
g WXIE+IYP (1 _||+||)_| |(1+_)' 42)
Jn 4n (I1X|> +1Y[>)? Jn 4n
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We use the convention that R = 0 if X = Y = 0. Note that |R|
ER < 3b.

Let us give a simpler expression by involving the functional 042 = %Var(|X %)
and assuming that E |X|? = n. Since

IA

XY 1 (XP - YR
(XE+1YP2 "2~ 20X+ Y2

we may write

1 (X]P=1Y?)? (|X|2+|Y|2>”2<+1) |X— Y|(
T 82 (XY n Vn

8n
As we will see, the first term here is actually of order at most o 2/n?. As aresult, we
arrive at the relation (1.5).

1+4—). 4.3)

Proposition 4.2 IfE |X|*> = n, then

Ey o (Fp. F) = — ER+C1+"4 4.4)
) s y—— .
0 0 —zn n
where
(X124 Y[H1/2 1 X — Y| 1
R=—"— """ (14—)-— 14+ —). 4.5
NG ( Sn) NG (+4n> 4-5)

Proof of Proposition 4.1 Let us return to the Plancherel formula (3.4). To simplify
the integrand therein, we apply the inequality (2.7) in Lemma 2.3, by replacing 1%
with 72 in the remainder term. Using the equality (3.6), the expectation EJ, (t| X —
Y|) in the formula (3.4) can be therefore replaced according to (2.7) at the expense
of an error not exceeding

E/OO _ {1 t2|X—Y|2}dt 4cE|X—Y| _ 8cb
minyl, ——1t - = — < —.
2 ) n 12 n? N n?

As for the main term (1 — %) e /2 in (2.7), it is bounded by an absolute
constant, which implies that

l‘4

4
(N (s = (1= ) (1= 2) D2 4 0 (2 min(1, 12 + 5%)

. (1 t4+s4
B 4n

) eI 4 0(n 2 min{l, 12 + 52)).



82 S. G. Bobkov et al.

Hence

r4(|X|4+|Y|4)) _2axrd
S e n

2 _ —
[EJu@IXDI? = EJutIX]) Jutel¥]) = E 1 o

+0(n_2min{1,t2(|xlzn—+|y|2)}>.

As before, after integration in (3.4) the latter remainder term will produce a quantity
not exceeding a multiple of b/n>. As a preliminary step, we therefore obtain the
representation

1 Cbh
Ep *(Fg, F) = =—— 1 + — (4.6)
2w n
with
00 4 _ 4 2iv_vi2 4 4 4 2 vi2 2
7= E/ (1_1‘ X — Y| )e_r X —(l—t (X747 | ))e_t ax vy ﬂ
oo 4n3 4n3 12

To evaluate the integrals of this type, consider the functions

1 o0 ot 2 dt
wr(a)=ﬁf_w((1—rr4)e 2R, ’/Z)t—z (@>0, reR).

Clearly,
1 o0 2
Y1) = ——/ e gp = _y
\/27'[ —00
and
V) (@) : /Oo(l e 2 ar
o) = ———= —rt)e
: 2V271 oo
1 1 © r 2 1 3r
- —— 1— = s*) e 2ds = ——— (1= ).
2¢am/_m( i) e s 2ﬁ( =)
Hence
[ 1—1/2 3r —-5/2
wr<a)—wr<1)—/](—§z + ) a:
=(+r) — @ +ra™/?,
and we get

Vr(@) =1 — (@' + ra™3/?). 4.7



Asymptotic Expansions and Two-Sided Bounds in Randomized Central Limit Theorems 83

Here, when « and r both approach zero subject to the relation r = O(a?), we get
in the limit ¥(0) = 1. From this,

1
7= I =E Wy, (a1) — ¥, (22))

=FE (oz;/2 + r2a53/2) —E (ot}/2 + r1a;3/2),
which we need with

X —Y|? X —Y|*
= }"1:—

al T’ 4n3 9
o = XPHIE Xy
2 . ) s
It follows that
@ 4 = (|X|2+ |Y|2)1/2 (1 1 IX|*+ |7 )
2 TR n dn (X2 +|YP2)

_ X -v2\'"? 1
ai/z—i-rloll 32 _ (—' | ) (1+—)
n 4n

with the assumption that both expressions are equal to zero in the case X = Y = 0.
As a result, (4.6) yields the desired representation (4.1) with quantity R described
in (4.2). ]

In order to modify (4.1) and (4.2) to the form (4.4) and (4.5), first let us verify
the following general relation.

Lemma 4.3 Let & be a non-negative random variable with finite second moment
(not identically zero), and let 1 be its independent copy. Then

& — ) Var(§)
€ 1 non N0 = 12 e

Applying the lemma with £ = | X|?, n = |Y|? and assuming that E | X|?> = n, we
get that

(XPP—1¥P)? |, V(X)) ) Var(XP) o}
(|X|2+|Y|2)3/2 - (E|X|2)3/2 - n3/2 - nl/2’

In view of (4.3), this proves Proposition 4.2.
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Proof of Lemma 4.3 By homogeneity, we may assume that E§€ = 1. In particular,
E|& —n| < 2. We have

& —n)?

2 3/2 2
(& +n)3? Lern=1/2) < 22E (€ — 1) Ligrn=172)

<2PEE —n)’ = 42 Var®).
Also note that, by Chebyshev’s inequality,

P{& <1/2}) = P{l —& > 1/2} < 4Var(§)?,

SO
P{&+n<1/2} < P{& <1/2}P{n < 1/2} < 16 Var(£)*.
Hence, since % < 1for & + n > 0, we have, by Cauchy’s inequality,
(& —n)?
Crmit Lo<g4n=<12y = EVIE — 0l Ljo<z4n<1/2)

< VEIE —nlVE{E + 1 <1/2) < 4v/2Var(e).
It remains to combine both inequalities, which yield

& —n?

(E+ )2 Lig4n=0p < 8v2Var(§) < 12 Var().

5 Proof of Theorem 1.1 for the L2-Distance

The expression (4.5) may be further simplified in the particular case where the
distribution of X is supported on the sphere /n S"~!. Introduce the random variable
(X, Y)
§ = ;

n

where Y is an independent copy of X. Since | X — Y|?> = 2n (1 — &), Proposition 4.2
yields:

Corollary 5.1 If |X|> = n a.s., then

+ o(iz). 5.1)

n

VT By (Fp, F) = (14 ﬁ) E(1-0-9")- %
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Note that |£| < 1. Therefore, the relation (5.1) suggests to develop an expansion
in powers of ¢ for the function w(e) = 1 — /1 — ¢ near zero, which will be needed

up to the term &*.

Lemma 5.2 Forall |e] < 1,

1 1 1
1-V1—¢ < —e+ -2+ —¢&> 4+ 3%
8_28+88 +168+8

In addition,

1 1 1
1—+/1—¢ > §8+§82+E83+0.0184.

Proof By Taylor’s formula for the function w(¢) around zero on the half-axis ¢ < 1,

11, 1 5 5 4, we)
lmVT—f = —e+-624 —& 4 g 28U
£ =gt T et Tgt 120 °

for some ¢ between zero and . Since w® (e) = 13%5 1 - £)~9/2 > 0, we have an
upper bound

1 1 1 5
+o+—+ ¢

1-Vi—e < - ,
£=3%T3% 16 128

e <0.

Also, w® (e) < 13%5 392 <461 for0<e < %, S0, in this interval
5 (©)
2 4 w™’(e1) &5 <
128 120

3¢t
Thus, in both cases,

1 1 1 2
1-Vi—¢ < —e+-e>4+ —&> 43¢, <.
8_28+88+168+8 8_3

To treat the remaining values % <e
b such that the polynomial

IA

1, it is sufficient to select a positive constant

Q) = 26+ &%+ — & 1 b
g) = > e 3 e T e e
is greater than or equal to 1 for & > % On this half-axis, Q(e) > ;—; +b % > 1 for
b > 3. Thus, the upper bound of the lemma is proved.
Now, from Taylor’s formula we also get that

11 1 5
VT —e > o424 —gd 4 gt > 0.
EZ T T e T’ =
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Tn addition, if —1 < & < 0, then w® () < 18 0

1 1 1 5 w® (g1)
1-VT—s=-s+_+—¢ —4(1 )
e 28+88 +168 +1288 + 150 e
1 1, 1 5 4(5 13%5)
> _ — — - 2z
=2t T e s 120
1 1 1
> e+ -4+ —& +0.01&

-2 8 16
o

Proof of Theorem 1.1 (First Part) Using Lemma 5.2 with ¢ = £ and applying
Corollary 5.1, we get an asymptotic representation

VR By (Fo, F) = (14 7-) (5 B8 + 1o B8 +eBs?) - o1 0()

for some quantity ¢ such that 0.01 < ¢ < 3. If additionally X is isotropic, then
E(X,Y )2 =n,ie. E& 2 — 1 and the representation is simplified to

n

V7 By o (Fy, F) = (1 n %) (% B3 + c]E§4) + O(nl—z),

thus removing the term of order 1/n. Moreover, since E&* < E |3 < E£? = %,

the fraction ﬁ may be removed from the brackets at the expense of the remainder
term. Thus

| 1
VT By ?(Fy, F) = — EE> + cEE* + 0(—2),
16 n

which is exactly the expansion (1.3). O

Remark 5.3 In the isotropic case with |X|> = n a.s., but without the mean zero
assumption, the above expansion takes the form

1 1 1
V7T By *(Fy, F) = E]E$+EE.§3+C]E§4+O<—2>. (5.2)
n
Since the last two expectations are non-negative, this implies in particular that

) 1 1
Bo o (Fo, F) 2 5~ Bk + 0<n_2)' (5.3)
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6 General Lower Bounds for the L2-Distance: Proof of
Theorem 1.2

Proposition 4.1 may be used to establish the following general lower bound which
will be the first step in the proof of Theorem 1.2. Recall that Y denotes an
independent copy of a random vector X in R".

Proposition 6.1 IfE|X| < b./n, then

b
Eg o’ (Fg, F) = c1Ep§* — 2, (6.1)
n
where
_<|X|2+|Y|2>1/2 _2(X.Y)
P=U ’ TXPAYP

The argument employs two elementary lemmas.

Lemma 6.2 IfE |X|? is finite, then
1
E(X,Y)* > — (E|X]?)". 6.2)
n

By the invariance of (6.2) under linear orthogonal transformations, we may
assume that EX; X; = A;§;; where A;’s appear as eigenvalues of the covariance
operator of X. Since

n n
EXP=) k.  EXY?=) A%
i=l i=l

the inequality (6.2) follows by applying Cauchy’s inequality.

Lemma 6.3 If E |X|? is finite for an integer p > 1, then, for any real number
O<a=p,

xne o
(IXP+1YP)e =

where the ratio is defined to be zero in case X =Y = 0. In addition, for a € [0, 2],

(X, ¥)? 1 IXPIrP
(XP+1YDe = 0 (XP+ Y
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Proof First, let us note that

X, Y)|” X||1Yp? _
I(2 )|20¢ §IE(| 1 I)a — (E|X|P)2,
AX1=+1Y19) (IXT1Y])

so, the expectation on the left is finite. Without loss of generality, we may assume
that 0 < & < pand r = |X|> + |Y|> > 0 with probability 1. We use the identity

o0 1/ o0 1
/ e dt = cqr™® where ¢y =/ e 5" ds,
0 0

which gives
© 1/a
cE(X, V)P r @ = / E(X, V)’ e """ dt.
0
Writing X = (X1,...,Xy)and Y = (Y1, ..., ¥,), we have
1/a

E(X,Y)P e = (X, v)P et OXPHYE)

n

e w2\ 2
= Y (EXq..x, e E)

which shows that the left expectation is always non-negative. Integrating over ¢ > 0,
this proves the first assertion.
For the second assertion, write

2 .—a > 2 =tV (XY R > 2
E(X, V) r™® = E(X,Y) e dt = E(X;,Y;)" dt,
0 0

where

X, = e !IXPI2 g Y, = Y2y

Since Y; represents an independent copy of X;, one may apply Lemma 6.2 which
gives

1
E(X,Y)? = —EIX, Y[

Hence,

* 2 1 * 2 2

E(X;, Y;)" dt = — EIX,|” [Y:|” dt
0 nJo
= l/OOJE|X|2 YRt OXPHYD) gy = SO x 2y e
n Jo n

O
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Proof of Proposition 6.1 Let us return to the representation (4.3) in Proposition 4.1
and write

1 Cbh
By o (Fp, F) = —=E(Ro+ R)) + —,

V2r
where
1 (X[ —|Y%)?
C T 8 (XPH Y
and

_UXP Y2 (1+ 1)_|X—Y|( 1)

R ﬁ 5 \/ﬁ 1+E
(X2 + Y|H1/2 1 1
sl () (R

with the assumption that Ry = 0 when X = Y = 0. Since || < 1, one may apply
Lemma 5.2 which gives

(XY
>

The expectation of the terms on the right-hand side containing & and &3 is non-
negative according to Lemma 6.3 with o = %, p = 1, and with ¢ = %, p =3,
respectively. Hence, removing the unnecessary factor 1 + ﬁ, we get

Ry [(1+$)(%s+és2+;—6s3+0.0154)—é].

1
Eg w*(Fp, F) > ——ERo + E
27 A 2m 8/n

(IXP+1YP»'2 b
E—rvrrre——& ——. 6.3
+a N £ €23 (6.3)

Now, by the second inequality of Lemma 6.3 applied with @ = 3/2, p = 2, we
have

L (XP Y2 (-1
n

(X,7)?
(X2 +|Y[2)3/2

X2y
(X2 +|Y2)3/2

E(X>+1Y)!?e? =4E

E

4
>
T n
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This gives

(X124 Y12 1 1 41X121Y)?
B (= o) 2 o B[ oo — (X P+ 1Y)
8/n n 8n3/ (X124 Y33
1 (X[ = |Y|?)?

81322 " (IXP + [Y )2 ’

Thus, the summand ER in (6.3) neutralizes the second expectation, and we are left

with the term containing &*. O
Proof of Theorem 1.2 We apply Proposition 6.1. By the assumption, Ep> = 1 and
Var(p?) = 5- o2, where 67 = 1 Var(|X|?). Using
X —YP
2(X,Y)=|XP+|Y)?—|X -V =1——
(X, Y)=IXI"+1YI]" - | | 3 XEL (VP

we have

4 4
§ = (I —a)" Ljx_yp <aqxi2+712)

4
2 (1 —Ol) 1{|X—Y\2§akn, |X|2+|Y|22A.rl}’ 0 < Ol,)\. < 1

On the set |X|> + |Y|?> > An, we necessarily have p? > %, SO

1— 4
Ep&t > %«/}P{u{— Y12 < ahn, X2+ Y] ZAn}

_ 4
> %«/X (113’{|X — Y2 <amn) —PUXP+ Y2 < kn}).

But, by Chebyshev’s inequality

Var(|X|?) o?
P{IX* <an} = P{n— [XI* > (1 = M)n} < i (1_1)2,1,

implying

2 1 o
P{IX]2+|Y)> < A <(]P> X2 <2 ) < %
(X2 +1YP <an} < (B{IXP <in}) < 7= 2
Hence

(1_0‘)4 1 ot
Bogt = U (B v i) - s )
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Choosing, for example, « = A = %, we get

Epg > 1IP’[|X v < ] o
Ps =73 =3 T

It remains to apply (6.1) with b = 1 and replace F with ® on the basis of (2.3). O

7 Lipschitz Systems

While upper bounds of order n~!/2 for the L2-distance w(Fy, F) on average are
provided in (1.2) and in the more general inequality (3.5) of Proposition 3.1, in
this section we focus on the conditions that provide similar lower bounds, as a
consequence of Theorem 1.2.

Let L be a fixed measurable function on the underlying probability space
(2, 5, P). We will say that the system X1, ..., X, of random variables on (2, §, P),
or the random vector X = (Xy, ..., X,) in R" satisfies a Lipschitz condition with
a parameter function L, if

1mkax | Xk () — Xi(s)| <n|L(t) — L(s)|, t,s € Q. (7.1)

When €2 is an interval of the real line (finite or not), and L(t) = Lt, L > 0, this
condition means that every function X in the system has a Lipschitz semi-norm at
most Ln.

As before, we use the variance functional Uf = % Var(|X|?).

Proposition 7.1 Suppose that E|X|?> = n. If the random vector X satisfies the
Lipschitz condition with a parameter function L, then

4
c.  co(l+oy)
Ep o*(Fp, F) > — — ———*+ (1.2)
n n
with some absolute constant co > 0 and with a constant ¢ depending on the
distribution of L only. Moreover, if L has finite second moment, then with some
absolute constant ¢c; > 0

c1 co (1 —i—of)

Eg w*(Fg, F) > - ) 7.3
0w (Fp, F) = n«/Var(L) n? (7.3)
Note that, if Xy,..., X, form an orthonormal system in LZ(Q, §.P), ie., the

random vector X is isotropic, and if L has finite second moment ||L||% = EL?,
then this moment has to be bounded from below by a multiple of 1/n2. Indeed,
the projection of the function n(z) = 1 in L*(2, 3, P) to the linear hull H of
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X1, ..., X, has the form Proj,(n) = Zzzl (n, Xx) Xx, and we have Bessel’s
inequality

n
L= 1nl5 = IProj; (5 =Y (n, Xi)* Z(Exk)2

k=1

(where we used the canonical innde product (-, -) in LY, 3. P)). By the Lipschitz
assumption, | Xy (t) — Xi (s)|2 <n? |L(t) — L(s)|2. Integrating this inequality over
the product measure P(dt) ® P(ds), we obtain a lower bound

n® Var(L) > Var(X) = 1 — (EXp)>.

One may now perform summation over k = 1, ..., n, which together with Bessel’s
inequality leads to
n—1 1

>
n3 2n?

Var(L) > (n > 2).

The Lipschitz condition (7.1) guarantees the validity of the following property,
which can be combined with Theorem 1.2 to obtain (7.2) and (7.3).

Lemma 7.2 Suppose that the random vector X = (Xi,...,X,) satisfies the
Lipschitz condition with the parameter function L. If Y is an independent copy of
X, then

A
p{|x_Y|25m}Zi, 0<a<l,
n

where the constant ¢ > 0 depends on the distribution of L only. Moreover, if L has
finite second moment, then

R
~ 6n/Var(L)’

In turn, this lemma is based on the following general observation.

P{|X —Y|* < an} > 0 < A < n? Var(L).

Lemma 7.3 Ifn is an independent copy of a random variable &, then for any &y >
0)

P{lE —nl < &} > cs, 0<e <ep,

with some constant ¢ > 0 independent of €. Moreover, if the standard deviation

o = «/Var(&€) is finite, then

1
P{lE —nl <e} > —e¢, 0<es<o.
60
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Proof The difference & — n has a non-negative characteristic function h(t) =
[ (1)|?, where v is the characteristic function of &. Denoting by H the distribution
function of & — n, we start with a general identity

/ ﬁ(X)dH(X)=/ p(Dh(1) dt, (7.4)

—00 —

which is valid for any integrable function p(¢) on the real line with Fourier transform
p(x) = ffo e'"™ p(t)dt, x € R. Given ¢ > 0, here we take a standard pair

o
1 /sin\2 . 1 lx[\+
p = (=), pw=—(1-=)"
27 \ 4 )

& &

where we use the notation at = max{a, 0}. In this case,
© 1 1
p(x)dH(x) < — dH(x) = —P{|§ —n| < ¢}.
—00 & [—e&.€] &

sinu
u

On the other hand, since the function is decreasing in 0 < u < % we have

00 1 ) 1/e 1 rl/e
/ p(MOh()dt = — (2sin(1/2)) / h(t)dt > —/ h(t) dt.
o0 27 “1/e TJ 1/
Hence, whenever 0 < ¢ < gg, by (7.4),
s le e [l/eo
Pl -yl <) > —f W) dt = -f W) dr.
TJ 1 TJ 176

Since h(t) is bounded away from zero near the origin, the first assertion follows.

One may quantify this statement in terms of the variance o> = Var(£) by using
Taylor’s expansion for A (¢) about zero. Indeed, it gives 1 — h(?) < o212, and thus
fore < g9 =0,

/¢ 1/o 4
/ h(t)dt > / (1-02%)dt = —.
_ _ 30

1/¢ 1/o

Since & - & > L ¢, the lemma is proved. m]
7 3o 60

Proof of Lemma 7.2 Let us equip the product space 22 = Q x  with the product
measure P> = P ® PP and redefine X on this new probability space as X (,s) =
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X (1), (t,s) € 2. Then one can introduce an independent copy of X in the form
Y (¢, s) = X (s). By the Lipschitz condition,

IX(t,5) =Y (@, ) = D IXx(0) = Xk () < n’ [LG) — L(s) .
k=1

Hence, if 1 is an independent copy of the random variable & = L, then

a

PlX —Y* <an} > P{n’ | —y* < an} = P{Ié—me .

But, by Lemma 7.3 with g9 = 1, the latter probability is at least ¢ ‘/TX, where the

constant ¢ depends on L only (via its distribution). An application of the second
inequality of Lemma 7.3 yields the second assertion. O

To include more examples, let us now give a bit more general form of Lemma 7.2,
assuming that (2, P) = (21 x 23, P; ® P») is a product probability space.

Lemma 7.4 Let X = (X1,..., Xn) : 2 = R" be a random vector such that, for
some measurable functions L and Ly defined on Q21 and 2 respectively,

lllllfliin|Xk(f1,t2)—Xk(S1,S2)| < n|Li(n) — Li(s)|+|L2(2) — La(s2)|  (7.5)
forall (1, 1), (s1,52) € Q. IfY is an independent copy of X, then
2 cA
P{IX — Y| <in} > —, 0<xr<l, (7.6)
n

where the constant ¢ > 0 depends on the distributions of L and L, only.

Proof Again, let us equip the product space Q2 = Q x  with the product measure
P2 = P® P and put X(t,s) = X(), Y(t,s) = X(s) fort = (t1,r) € Q and
s = (51, 52) € Q, so that Y is an independent copy of X. By the Lipschitz condition
(7.5), forany k < n,

IXk(t) — Xi()1* < 2n* |Li(t1) — Li(s1)| + 2 |L2(r2) — La(s2) |2,

SO

X (1) = Y& =Y 1X(6) — X ()

k=1

<213 |Ly1(1) — L1(s1)|* + 21 |La(12) — La(s2) .
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Putting Li(t1,t) = L1(t1) and La(t1, 1) = La(#2), one may treat L1 and L, as

independent random variables. If L/ is an independent copy of L; and L/ is an
independent copy of L;, we obtain that

A
P{X = Y[ <o} = B{n? L1 = i+ Lo — Ly < 5|

IA

A A
> Pfn?iLy - L3 < ) PiLa - 24P < 2

:IP{|L1 — L)< %«/X}IP’{|L2—L/2| < %«/K}

It remains to apply Lemma 7.3. O

Let us now combine the inequality (1.8) of Theorem 1.2 with the inequality (7.6)
applied with A = é—lt. Then we obtain the following generalization of Proposition 7.1.

Proposition 7.5 Under the Lipschitz condition (7.5), we have

1+o}
By o?(Fy, F) = & — 20T
n n

where co > 0 is an absolute constant, while ¢ > 0 depends on the distributions
of L and L,. A similar estimate also holds when F is replaced with the normal
distribution function ®.

The last assertion follows from the inequality (2.3), cf. Corollary 2.2.

8 Berry-Esseen-Type Bounds

We now turn to the study of the Kolmogorov distance

p(Fg, F) = sup |Fp(x) — F(x)|, 6¢eS"",
X

between the distribution functions Fy of the weighted sums Sp = (X, 6) and the
typical distribution function F = [Eg Fy. We are mostly interested in bounding the
second moment Ey p2(Fy, F). As in the case of the L2-distance, our basic tool will
be a Fourier analytic approach relying upon a general Berry-Esseen-type bound

e o r
cp(U, V) 5/ Mmrl/ \W@)ld, T >0, (8.1)
0 t T Jo

where U and V may be arbitrary distribution functions on the line with characteristic
functions U and V respectively (cf. e.g. [3, 23, 24]).
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As before, we denote by fy and f the characteristic functions associated to Fy
and F'. Recall that 03 ,-functionals were defined in (2.2).

Lemma 8.1 IfT > Ty > 1, then forall p > 1,

VEg [ fo(t) — f(0)?
2

L) 1 — f@)?
cpEgpz(Fg,F)f/ dt—l—logT/ 0 1folt) = FOF ,
0 t 0 t
2p
T'Eg|fo0))? 1 140
log T —dt + — p, 8.2

where the constants ¢, > 0 depend on p only.

Proof By (8.1), forany 8 € §"!,

r lfe(t) — f@)]

T
¢ p(Fy, F) 5/ di+ 1 / \F()ldt,
0

0

and squaring it, we get

T T
: o) = F0) 2
eotrnpy = ([P S ([Cirorar)”

Let us split integration in the first integral into the intervals [0, 1] and [1, T]. By
Cauchy’s inequality,

ifo@) = FOI |, \2 Vifo) — FOF
(/o — dt) 5/(; — dr,

while

T _ T _ 2
(/ | fo (1) f(t)ldt>2 < long | fo (1) — f ()] d
1 1

t t

Hence

1 _ 2
e < [ WO SOF,
0 t

T _ 2 T 2
+10ng1 de%(/o |f(t)|dt).

t
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Without an essential loss one may extend integration in the second integral to the
larger interval [0, T']. Moreover, taking the expectation over 8, we then get

1 _ 2
cIEe,oz(Fg,F)ff By /o) = O,
0 t
TRy | fo(t) — f(0)I? 17 2
+1ogT/0 t dt+ﬁ</0 |f(t)|dt).

Again, one may split integration in the second last integral to the two intervals
[0, To] and [Tp, T'], so that to consider separately sufficiently large values of ¢ for
which | fo(¢)] is small enough (with high probability). More precisely, since f(¢) =
Eg fo(7) and

o) — FOIP <21fa) +21f (1),
we have | £ (1)|? < Eg | fo(t)|?> and therefore

Eg | fa(t) — f(1)]> < 4Eqg | fo ()]

It remains to apply Lemma 2.4. O

In order to control the last integral in (8.2), one may apply the upper bound (2.8)
on J, in the representation (3.3) to get that, for all # € R,

Eg | fo(t)? < SEe " IX—YP/2n | g p=n/12

where Y is an independent copy of the random vector X. Splitting the last
expectation to the event A = {|X — Y|? < 41'1”} and its complement leads to

Eo | fo())* < Se /8 4 de/12 4 5P(A). (8.3)

The latter probability may further be estimated by using the moment functionals
such as m .
To recall the argument (cf. also [8], Proposition 2.5), first note that, by (2.9) with
A=3
4 >

3 3 3 407 ,)2P
BxP v < ) < Bfixp < 2a) By < 2a) < G207
4 4 4 np

On the other hand, by Markov’s inequality, assuming that p > 1 is integer, we have

2p
1 PR (X, V)P 4Pm
Pllx. v 2 o) < TEEIT T

n217 np
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Since |X — Y2 = |X|>+|Y|*> — 2 (X, Y), we have
{|X YI? < 1} {|X|+|Y|2 ! }u{(x vy > }
— — - , >-—-ny,
~ 4 4 4

and it follows that

_3 1 42p
P(A) <IP>[|X| 1P =2 }+P{(X,Y)>Zn} < n—p(m +077).

Returning to (8.3) and noting that necessarily mj, > my > 1 under the
assumption that E | X|? = n, we thus obtain that

2p 2p

+
my % -2
cpBolfo? = —F——F e,

Using this bound, the inequality (8.2) is simplified:

Lemma 8.2 If the random vector X in R" satisfies B |X|> = n, then for all T >
To > 1 and any integer p > 1,

VEg [ fo(t) — f(0)?
2

L) 1 — f(?
cpIEg,oz(Fg,F)ff dt—Hong o 1fo®) = JOI” ,
0 t 0 t
2p 2p
m,. + o 1
+M(l+logT)2 = — e T8 logT (8.4)
npP

with constants ¢, depending on p only.

9 Quantitative Forms of Sudakov’s Theorem for the
Kolmogorov Distance

Let us specialize Lemma 8.2 to the value p = 1, assuming that the random vector
X is isotropic in R” (so that my = 1). If 07 is bounded, then choosing

T =4n, Ty=4\/logn,

the last three terms in (8.4) produce a quantity of order at most (logn)?/n. In order
to bound the integrals in (8.4), one may apply the classical Poincaré inequality on
the unit sphere S"~!

1
Eglu@)* < —— B [Vu(©)]® ©.1)
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to the mean zero functions u,(6) = fy(¢t) — f(¢). They are well defined and smooth
on R" for any fixed value ¢ € R and have gradients (by differentiating in (3.1)) given
by

(Vuy0), w) = it E (X, w) "0 e,

where we use the canonical inner product in the product complex space. By the
isotropy assumption,

[ {Vui (0), w) | = [t] EJ (X, w) | < [t] |w]

for all w. Hence |Vu, (9)|? < 2 for any 6 € R”, so that by (9.1),

2

Eg | fo(t) — f(D)]* < (9.2)

n—1

Applying this inequality in (8.4) together with the first bound in (2.3) in order to
replace F with ®, we obtain:

Proposition 9.1 Given an isotropic random vector X in R",

log n)?
By o2 (Fp, @) < ¢ (1+02) i) .

Since 07 < o4, we thus have

logn
Jn

which sharpens (1.1). The latter bound will be an essential step in the proof of
Theorem 1.3, while (1.1) is not strong enough.

Let us now consider another scenario in Lemma 8.2, where the distribution of X
is supported on the sphere \/z S"~!. In this case,

(Bo p*(Fy. @)% < c(1+04) 9.3)

Eo | fo(t) — f(O1F = Eg | fo(t)]> — | f ()]
= EJ,(t]1X = Y|) — Ju(t/n)?

according to (3.3), while 04 = 0. Hence, in (8.4) with p = 2 we arrive at the
following preliminary bound which is needed for the proof of Theorem 1.1 in its
second part. Here we use again that myq > my > 1.

Corollary 9.2 Suppose that |X| = /n a.s., and Y is an independent copy of X.
Then

1
An(t
cEg p?(Fy, F) 5/ nz()dt—i-logn/
0 t 0 t n

logn A, (1) dr + (logn)? "
2 4

(9.4)
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where

An(t) = EJ,(t]1X — Y ) — Ju(t/n)*. 9.5)

10 Proof of Theorem 1.1 for the Kolmogorov Distance

To study the integrals in (9.4), assume additionally that the random vector X in R”
is isotropic with mean zero and put

where Y is an independent copy of X. Note that nl—z mj = E&* which is present in
the last term on the right-hand side of (9.4).

Focusing on the first integral, we need to develop an asymptotic bound on A, (¢)
fort € [0, 1]. Since |[X — Y |2 = 2n(1 — &), (9.5) becomes

An(t) = By (1y/20(1 =€) ) = (Ju(t/m)’.

We use the asymptotic formula (2.7),

4
To(t/n) = (1 - ;—n) e te,1), teR, (10.1)

where ¢,(t) denotes a quantity of the form O(n_2 min(1, t4)) with a universal
constant in O. It implies a similar representation

4
(aevm)’ = (1= 2 ) e +ento). (102)

Since |£] < 1 a.s., we also have

4
I(ty2n(1—8)) = (1 — % (1— g)z) e 0=5 1o n).

. 2 . . .
Hence, subtracting from e'¢ the linear term 1 4 72 and adding, one may write

4

a0y =e"E((1- % (1 -§?%)e™ — (1- ;—n)) +en(t)

— e PR+ V) +,(1)
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with
4 4
t 1 t
U:—(——l— Np(i-La- 2>~t2,
—(3-0-?)+(1-—a-87)-r%
tt 2\, 2 2
V=(1——(1—.§))(e‘5—1—ts).
n
Using E§ = 0, E£2 = ! and hence E |£|> < E£2 < L, we find that in the interval
0<r<l,

o 240 40 4

t
EU=—-——— — 4+ — —Fg3=—— ).
2n n?2  n?2 n 5 2n+8n()

Next write
r* 2 2 2
V=W-—(>0-£W, W=¢"%—1-1r%.
n
Using [e* — 1 — x| < 2x2 for |x| < 1, we have |W| < 2:*£2. Hence, the expected

value of the second term in the representation for V does not exceed 8¢%/n?.
Moreover, by Taylor’s expansion,

W — 1 482 4 1 1583 1 RySg R— i 128 gl
2 6 ’ N — k! ’
implying that
A
EW = — 4+ —E&3 + Cr3 R4,
2n 6

where C is bounded by an absolute constant. Summing the two expansions, we
arrive at

16
EWU+V) = €E§3 + Ct8EE* + 6, (1)

and therefore

1
/ A:f) dt < BE> + cEE* + 0(n™).
0

Here E&* > (E&£2)2 = n~2, so the term O(n~2) may be absorbed by the 4-th
moment of &. Since E£3 > 0, the bound (9.4) may be simplified to

4./logn An(l) di + (logn)2 m4
2 4

cEg p*(Fy, F) < E$3+E§4+logn/ ;
0 n
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that is,

4./logn A, (t
cEg p>(Fy, F) < logn f #dt + E&3 + (logn)? E&*. (10.3)
0

Turning to the remaining integral (which is most important), let us express it in
terms of the functions g, (¢) = J,(t+/2n) and

T —
1/f(oz)=/ Mdt, 0<a<+2, T>1,
0

which will be needed with 7 = 4,/logn and o = /1 — &. Namely, we have

/det =E¢(ﬂ)+/

0 t 0

T Jy(tv/20) — (Jn(t/n))? & 104
t

To proceed, we need to develop a Taylor expansion for £ — ¥ («/1 —& ) around
zero in powers of £. Recall that g, (¢) represents the characteristic function of the
random variable v/2n 6| on the probability space (S"~!, s,_1). This already ensures
that |g,(¢)| < 1 and

8,0 < V2nEl6| < V2 E6D'? = V2
for all + € R. Hence

lgn(at) — gn(0)] < V2o — 1] |t] < 211,

so that

t
<242logT < 4logT (10.5)

1 T
ool = [ O8Ol [ el 0],
0 1

(since T > e). In addition, (1) = 0 and

r 1
V' (@) =/ gp(at)dt = — (gn(aT) — 1).
0 o

Therefore, we arrive at another expression

Y(a) = /a —gn(Tx) -1 dx = /a gn(Tx) dx —loga.
1 X 1

X
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For |e| < 1, let

a-'2 , 1
U(E)zf gn(Tx) dx.
1 X

ue) = ¥ ((1— &)%) = v(e) - % log(1 — &),

so that Ey(T—&) = Eu(£). Applying the non-uniform bound |g,(1)| <

5(e~"" 4 e/12) ¢f. (2.8), we have that, for —1 < ¢ < 1,

L<x<V2

V2
[v(e)] <  sup Ign(T)C)I/1 ;dx
VA V2

< sup ga(2)log2 < Slog2(e T2 412 < &

g
2>T/V2 n

where the last inequality is specialized to the choice T = 4./log n. Using the Taylor
expansion on the same interval for the log-function, we also have —log(l — ¢) <
e+ % g2 + % g3+ % . Combining the two inequalities, we get

4 c

+-5, —l<es (10.6)
n

11, 14 1 1
M(3)§§8+—8 +-¢e+-¢ <5

4 6 3

In order to involve the remaining interval % < & < 1 in the inequality of a similar
type, recall that, by (10.5), |u(e)] < 4logT for all |¢] < 1. Hence, the inequality
(10.6) will hold automatically for this interval, if we increase the coefficient in front
of £* to a suitable multiple of log 7'. As a result, we obtain the desired inequality on
the whole segment, that is,

(s)<le+lsz+le3+(lo Tyt + < l<e<l
u = - - c —. = .
=2fT4% Tg g 8 ==
In particular,

v(V1-¢) < SE+ZE T HlelogDE + —,

and taking the expectation, we get

Ey(y/1-¢) < 4%+é]E$3+(clogT)]E$4, (10.7)

8

where the term cn™° was absorbed by the 4-th moment of £.
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Now, let us turn to the integral

L= /T I(@2) = Untym)?
0

t

appearing in (10.4), and recall the asymptotic formulas (10.1) and (10.2). After
integration, the remainder term &, (f) = O(n_2 min(1, t4)) will create an error of
order at most n~2log T, up to which I, is equal to

T .4
7 _pdt 1 ( 5 _r? 1 _15
- — — = ——(1—=-(T"+1 )=——~|— .

/0 2n ¢ t 4n ( e 4n o)

Thus,
! -2
Iy =——+0Mm “logT).
4n

Applying this expansion together with (10.7) in (10.4), we therefore obtain that

T A, (2 1
/ #d; < 81Es3+clogm<:s4.
0

One can now apply this estimate in (10.3), and then we eventually arrive at
2 3 2 4
Eg p”(Fp, F) = c1 (logn)E&” + ¢ (logn)” E&™.

By (2.3) with p = o0, a similar inequality remains to hold for the standard normal
distribution function ® in place of F. This proves the inequality (1.4). O

11 Relations Between L1, L2 and Kolmogorov Distances

Given a random vector X in R”, let us now compare the L2 and L distances on
average, between the distributions Fy of the weighted sums (X, 8) and the typical
distribution F' = Eg Fy. Such information will be needed to derive appropriate lower
bounds on Eg p(Fy, F).

Proposition 11.1 If|X| < b./n a.s., then, for any a € [1, 2],
—a/2 o o/4 o 8
b Eg o™ (Fg, F) < 14 (logn)*"™ Eg p* (Fp, F) + —. (11.1)
n

As will be clear from the proof, at the expense of a larger coefficient in front of
log n, the last term n~* can be replaced by n~# for any prescribed value of .
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A relation similar to (11.1) is also true for the Kantorovich or L!-distance

e¢]

W(Fe,F)=/ |Fo(x) — F(x)) dx

—00
in place of L2. We state it for the case o = 1.
Proposition 11.2 If|X| < bi/n a.s., then

Eo W(Fy, F) < 14b\/logn Ey p(Fg,F)+i—Z:. (11.2)

Proof Put Rg(x) = Fp(—x) + (1 — Fp(x)) for x > 0 and define similarly R on the
basis of F. Using

(Fo(—x) — F(—x))* < Fg(—x)* + F(—x)?,
(Fo(x) — F(x))* < (1 — Fp(x)* + (1 — F(x))?,

we have
(Fy(—x) — F(—x))* + (Fy(x) — F(x))* < Rg(x)* + R(x)”.
Hence, given T > 0 (to be specified later on), we have
T
w*(Fy, F) = /_ (Fox) = F(x))*dx + /HZT(Fe(x) — F(x))*dx
< 2Tp*(Fy, F) + /TOO Ry(x)*dx + /oo R(x)*dx.

T

It follows that, for any « € [1, 2],

w*(Fy, F) < 2T)% p*(Fy, F) + (/Too Rg(xfdx)% + (f:o R(x)zdx)%

and therefore, by Jensen’s inequality,

Eg 0*(Fp, F) < (2T)? By p®(Fy, F)

+ (/TOOEQ Rg(x)zdx)% + (/;o R(x)zdx)%.

Next, by Markov’s inequality, for any x > Oand p > 1,

2
IE|<X,9)|”)2<EI(X,9>I r

2
Ry = () = =5
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and

PN\2 2p
E[{X,0)] ) _EBE[(X,0)] .

Eg Ry (x)* < ( < e

xP

Since R = [EgyRy, a similar inequality holds true for R as well (by Cauchy’s
inequality). Hence

« o0 1 @
Eo o (Fp, F) = QT8 B o (Fyp. F) +2 (Eg | (X.6) |21’/ —5dx)’.
T X

When 6 = (64, ..., 6,) is treated as a random vector with distribution s, _, which is
independent of X, the inner product (X, ) has the same distribution as the random
variable | X| 6. Therefore, recalling Lemma 2.5 and using the assumption |X| <
b./n a.e., we have

EgE[(X,0) 1 = E|X|* Eg6:1|*" < 2(2b*p)?,

so that

CE[(X,0) & _ 23 ap¥
2(E9/ [{X,0)] dx)z - a( zpzl _
T x2p Qp— 17 b

Thus,

Eg 0% (Fy, F) < 2T)? g p%(Fy, F) +

241 2 ap
22 _ 7% (2b p) 3
@2p-12 >

Let us choose T = 2b,/p in which case the above inequality becomes

a+1

[°3 2 3 ap
Eo o®(Fp, F) < (4b\/p)% Eg p®(Fp, F) + T (byp)3 27,
b

To simplify, one can use ./p < 2p — 1 for p > 1 together with 20+l < 8 and
2=F < 2% (since 1 < o < 2), which leads to

Eg 0*(Fp, F) < (4by/p)? Bg p*(Fp, F) +8b7 277/2,

Finally, choosing p = p, = (8 logn)/log?2, we arrive at (11.1).
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Now, turning to (11.2), we use the same functions Ry and R as before and write

T

W(Fy, F) =fTIFe(X)—F(X)IdX+/| TIFe(X)—F(x)Idx

oo oo

Ry(x)dx +/ R(x)dx,

< 2Tp(Fy, F) +f
T

T
which gives
o
Eg W(Fp, F) < 2T Eg p(Fy, F) +2/ R(x)dx.
T

By Markov’s inequality, for any x > Oand p > 1,

Roy < BLEON gy Ry < RELXOIN
xP P

Hence

o0

1
Eg W(Fy, F) < 2T]E0,0(F9,F)+2E9]EI(X,G)Ip/ — dx.
T X

Here, one may use once more the bound (2.10), which yields
EoE|(X.0)|” = E|X|P Eg|01]” < 2(b%p)"”

and

4 @’pr?
Eg Wy, F) < 2T Eg p(Fp, F) + —— ————
p—1 Tr-1

Let us take T = 2b,/p in which case the above inequality becomes

By W(Fy, F) < 4by/p Eg p(Fp, F>+8bﬂl 27,
-

Here we arrive at (11.2), by choosing again p = p, and using /p, < p, — 1. O

12 Lower Bounds: Proof of Theorem 1.3

A lower bound on Eg ,02( Fy, @) which would be close to the upper bound (1.4) may

be given with the help of the lower bound on [Eg w*(Fy, ®). More precisely, this can

be done in the case where the quantity # m% + an mj asymptotically dominates
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n~2 (in particular, when my is essentially larger than 1). Combining the asymptotic
expansion (1.3) of Theorem 1.1 with the bound (11.1) of Proposition 11.1 fora = 2
and b = 1, and recalling the second relation in (2.3) on the normal approximation
for the typical distribution F, we therefore obtain:

Proposition 12.1 If X is an isotropic random vector in R™ with mean zero and such
that |X| = «/n a.s., then

C1 2 3
Viogn Eg p*(Fp, @) > mmg+ﬁmi—ﬁ. (12.1)

The relation (11.2) for the Kantorovich distance W may be used to answer
the following question: Is it possible to sharpen the lower bound (12.1) by
replacing Ey p(Fy, ®) with Eg p(Fg, ®)? To this aim, we will need an additional
information about moments of w (Fy, F) of order higher than 2.

Lemma 12.2 If X is isotropic and satisfies | X| < b/, then

5/4
c (]E(.) > (Fy, F))l/3 < (1+o0)Vb %. (12.2)

Proof For any distribution function G with finite first absolute moment, the function
on the unit sphere S"~! of the form g(9) = W (Fy, G) has a Lipschitz semi-norm
llgllLip < 1. Therefore, it admits a subgaussian large deviation bound

suct{W(Fo. G) =m+r) < e D72 >, (12.3)

where m = Ey W(Fp, G). Indeed, consider the elementary representation

e¢]

W(Fp. G) z/ |Fo(x) — G(x)| dx

—00

o0 o0
=sup|:/ ung—/ udG:|,
u —0o0 —0Q

where the supremum is running over all functions « on R with |[u||Lip < 1. For any
such u,

H, () = /Oo udFy = Eu((X,0))

—00

is Lipschitz on R” and therefore on S"~!. Moreover, | g lLip < sup, [HyllLip < 1.

Hence, (12.3) is fulfilled as a consequence of fact that the logarithmic Sobolev
constant for the uniform distribution on the unit sphere is equal to n — 1 (cf. [21]).
In particular, for any r > 0,

Sp—1 {W(Fg, Fy>m+ r} < e—(n—l)rz/z
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with m = Eg W(Fp, F). In turn, the latter ensures that, for any p > 2,

(Ee W (Fy, F)”)l/p <m+ f . (12.4)

For the proof, put &€ = (W(Fy, F) —m)*. Using I'(x +1) < x* withx = p/2 > 1,
we have

o0 o0
Bigr = [ silezrar < [ g
0 0

:( fl)pr(gﬂ) < (%)psf\” (A>0).

Thus, [|€]l, = (Eg&P)!/P < A. Since W(Fy, F) < & + m, we conclude, by the
triangle inequality, that

IW(Fs, F)ll, < lIEll, +m < A+m,

that is, (12.4) holds.
Let us proceed with one elementary general inequality, connecting the three
distances,

w?(Fg, F) = f ” (Fo(x) — F(x))*dx

< / sup |Fg(x) — F(x)| |[Fo(x) — F(x)|dx = p(Fg, F) W(Fp, F).

—00 X

Putting w = w(Fy, F), W = W(Fy, F), p = p(Fs, F), we thus have o’ <
W3/2p3/2 and, by Hélder’s inequality with exponents p = 4 and ¢ = 4/3,

lolls = (B 0®)' < (B WO)'/'? (Bg 07)'"*.
By (12.4) with p = 6, we have

4
(B WO/® <y W + NG

so that

4 \1)2
) (a0,

ol < (o W + -
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Applying Proposition 11.2 and noting that necessarily » > 1 in the isotrpic case, we
get

1 \1/2
lolls < 4vb (\/@ o p + ﬁ) (Eo p2)"/*,

Here we employ the inequality (9.3) with F in place of @, i.e.

logn

e

1/2
Eg p(Fy, F) < (B p*(Fg, F))"* < ¢ (1 + ou)

Since the last expression dominates the term Ln, it follows that

logn \1/2 logny1/2
||w||350ﬁ<\/10gn(1+04)ﬁ) ((1+a4>ﬁ) ,

and we arrive at the upper bound (12.2). O

Let us now explain how this bound can be used to refine the lower bound (12.1).
The argument is based on the following general elementary observation. Given a
random variable &, introduce the L”-norms ||£], = (E |& |Pyl/p,

Lemma 12.3 Ifg > () Wll}l () < ||$||3 < 00, lhell
E 53 :

Moreover,

Ple %lléllz] > %(::%)6

Thus, in the case where ||£]|; and ||£ ||3 are equivalent within not too large factors,
€11 will be of a similar order. Moreover, £ cannot be much smaller than its mean
[E£ on a large part of the probability space (where it was defined).

(12.6)

Proof Let & be defined on the probability space (€2, §, P). By homogeneity with
respect to £, we may assume that E£ = 1, so that dQ = &dP is a probability
measure. Then, (12.5) follows from the Cauchy inequality (Ep& )2 < Egéz on the
space (2, 5§, Q).

To prove (12.6), given r > 0, let p = P{§ > r}. By Holder’s inequality with
exponents 3/2 and 3,

2/3
E%’zl{gzr} < (]EE3) / p1/3'
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ine r — L
Hence, choosing r = 7 1§12, we get

E&? =E&2 ligsr) + BE> g2y

1
< (E$3)2/3 p1/3 +}’2 — (E§3)2/3 p1/3+§]E%—2

Hence p!/3 > W [E £2 which is the desired bound (12.6). O

We now combine Lemma 12.2 with Lemma 12.3 which is applied on the unit
sphere to £(0) = w(Fy, F) viewed as a random variable on the probability space
(S"‘l, s,—1). Recall that b > 1 in the isotropic case.

Proposition 12.4 Let X be an isotropic random vector in R" such that | X| < b/n
a.s. Assume that

2 D
Eg o (Fy, F) = —
n
with some D > 0. Then
c D?
Ey w(Fp, F) = 3 — (12.7)
(1 +09)3b? (logn) % /n
Moreover,
{ (Fo. F) > 1 D} - c D3
Sp—1yw(1rg, Z — = .
8 2n (1 +04)5b3 (logn)%

Proof of Theorem 1.3 The lower bound (12.7) implies a similar assertion about the
Kolmogorov distance. Indeed, by Proposition 11.1 with o = 1, we have

1 8
=By (Fy, F) < 14(logm)'/* Eg p(Fp, F) + —.

Vb
Using n% < ;7 - 14 (logn)'/4, we therefore obtain that
Eo p(Fy, F) ! Eo w(Fy, F) !
o P(Lg, Z T o e wlly, - 3
14/b (logn)!/4 n3
c D? 1

> — .
T (1 4+04)3b2 (logn)*/n n?

To replace F with &, it remains to recall the bound p(F, ®) < % 1+ af), cf. (2.3).
O
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In the isotropic case with |X|2 = n as., the above lower bound is further
simplified to

Ey p(Fy, F) > cD? 1
o Lo ~ (ogn)*n n3

On the other hand, let us note that the rates for the normal approximation of Fy that
are better than 1/n (on average) cannot be obtained under the support assumption
as above. That is, if | X| = /n a.s., then

Eg p(Fp, ®) =

S| o

Indeed, using the convexity of the distance function G — p(G, ®) and applying
Jensen’s inequality, we have that Ey p(Fy, ®) > p(F, ®). It remains to appeal to
Proposition 2.6.

13 Functional Examples

13.1. For the trigonometric system as in item (i) of the Introduction (with n even),
the linear forms

%
(X,0) =~2 Z (62k—1 cos(kt) + Oy sin(kt)), 0= (B1,...,6,) € S,
k=1

represent trigonometric polynomials of degree at most 5. The normalization

V2 is chosen in order to meet the requirement that the random vector X
is isotropic with respect to the normalized Lebesgue measure P on Q =
(—m, ). Moreover, in this case |X| = +/n, so that o4 = 0. Hence, by
Theorem 1.1, we have the upper bounds (1.6). On the other hand, since for all
k<3

IXe(0) — X ()| <kvV2 ]t —s| < —=Jt—s|. tse,
NG

the Lipschitz condition (7.1) is fulfilled with L() = -i=. Hence, Proposi-
tion 7.1 is applicable and yields the lower bound

S

Cl 2 3
Ep 0 (Fp, ®) > — — — > —,
n n n
where in the last inequality we assume that n > no for some universal
integer no. This restriction may be dropped, since the distances w?(Fy, ®)
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are bounded away from zero for n < ng uniformly over all 6 € S"~!, just due
to the property that the distributions Fjy are supported on the bounded interval
[—+/n0, 4/no]. Note that the above lower estimate (may also be obtained by
applying Theorem 1.1. Thus, for all n > 2,

€« < Eq a)z(Fg,Cb) < C—l (13.1)
n n

Applying Proposition 12.4, we obtain similar bounds for the L'-norm
(modulo logarithmic factors). Namely, it gives

co Cl
— O <Fyo(Fy, &) < = (13.2)
(logn) % /n v

We also get an analogous pointwise lower bound on the “essential” part of
the unit sphere.

A similar statement is also true for the Kolmogorov distance. Here, the
upper bound is provided in Proposition 9.1, while the lower bound is obtained
when combining Theorem 1.3 with the left inequality in (13.1). That is,

<o 12 _cilogn
O <Eyp(Fy, @) < (Eq p7(Fp, ®))"* < T8,

(ogn)?/n = -

13.2. Analogous results remain true for the cosine trigonometric system X =
(X1, ..., Xp) as in item (ii). Due to the normalization ~/2, the distribution of
X is isotropic in R". The property |X| = +/n is not true anymore; however,
there is a pointwise bound | X| < +/2n. In addition, the variance functional
042 does not depend on n. Indeed, write

(13.3)

5 5 eZikt +e—2ikt
Xj =2cos“(kt) =1+ cos(2kt) =1+

2 9
so that
20XP=m) = Y SN AXP-m? = Yo
O<lkl=n 0<Ik|.|l|<n
It follows that
avar(XP) = Y EA*H = N =,
O<lkl,ll|<n 0<lk|<n, l=—k

Hence

1 1
0f = ;Var(|X|2) =5
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13.3.

13.4.
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As before, the Lipschitz condition is fulfilled with the function L(¢) =
1+/2. Therefore, with similar arguments we obtain all the bounds (13.1)-
(13.3).

Let us also note that the sums ) ;_; cos(kt) remain bounded for growing
n (for any fixed 0 < ¢t < ). Hence the normalized sums

1 n ﬁ n
Sy = — X = — kt),
ﬁ; x ﬁ;cm )

which correspond to (X, 6) with equal coefficients, are convergent to zero
pointwise on €2 as n — oo. In particular, they fail to satisfy the central limit
theorem.

An example closely related to the cosine trigonometric system is represented
by the normalized Chebyshev’s polynomials X as in item (iii), which we
consider for k = 1,2,...,n. These polynomials are orthonormal on the
interval Q = (—1, 1) with respect to the probability measure

APy 1
dt VAR

cf. e.g. [17]. Similarly to 13.2, for the random vector X = (X1, ..., X,;) we
find that

—1<t<l,

4(|X|2 —n)? = Z exp{2i(k 4+ ) arccost}.
0<|k|,|l|<n

It follows that

4Var(IX[) = Y Eexp{2i(k+1) arccost} = Y 1 =2n,
O<Ikl, Il <n 0<lk|<n

so that 07 = 1 Var(|X|?) = 1. In addition, for all k < n,

[ X () — Xi(s)] 5k~/§|arccost—arccoss|, t,s € Q,
which implies that the Lipschitz condition is fulfilled with the function L(¢) =
V/2 arccos . As a result, we obtain the bounds (13.1)~(13.3) as well.

Turning to item (iv), consider the functions of the form

Xi(t,s) = W(kt +s),
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assuming that W is a 1-periodic measurable function on the real line such that

1 1
/\I'(x)dxzo and /\D(x)zdle.
0

0

These conditions ensure that the random vector X = (Xi,...,X,) is
isotropic in R" with respect to the Lebesgue measure P on the square
Q = (0,1) x (0,1), with EX; = 0. In fact, as was emphasized in [5],
{Xk}p2, represents a strictly stationary sequence of pairwise independent
random variables on 2. The latter implies in particular that, if W has finite
4-th moment on (0, 1), the variance functional

1 1
of:;Var(|X|2)=fO W(x)tdx — 1

is finite and does not dependent on n. Hence, by Theorem 1.1, cf. (1.6), the
upper bounds in (13.1)—(13.3) hold true with a constant ¢; depending on the
4-th moment of W on (0, 1).

In addition, if the function W has finite Lipschitz constant || ¥ ||Lip, then for
all (1, 1) and (s, sp) in L2,

|Xp (1, 12) — Xi(s1,52)| < [WiLip (k 11 — s1] + 12 — s2]).

This means that the Lipschitz condition (7.5) is fulfilled with linear functions
L1 and L,. Hence, one may apply Proposition 7.5 giving the lower bound

c(l1+of
Egw?(Fyp, F) > ¥ CU*o0)
n n

in full analogy with item (i). Hence Eq @*(Fy, o) > % for all n > ny,
where the positive constants cy, c(y, and an integer ngp > 1 depend on the
distribution of W only. Since the collection {Fy} is separated from @ in the
weak sense for n < ng (by the uniform boundedness of Xj’s), the latter bound
holds true for all # > 2. Also, as Lipschitz functions on (0, 1) are bounded,
we have |X| < b/n with b = sup, | f(x)|, and one may apply Theorem 1.3.

Let us summarize: The upper bounds in (13.1)—(13.3) hold true, if W has
finite 4-th moment under the uniform distribution on (0, 1). The lower bounds
hold under an additional assumption that V has a finite Lipschitz semi-norm
(with constants depending on ¥V only).

Choosing, for example, W(#) = cost, we obtain the system Xy (t,s) =
cos(kt + s), which is closely related to the cosine trigonometric system.
The main difference is however the property that X;’s are now pairwise
independent. Nevertheless, the normalized sums \/LE ZZ:] cos(kt + s) fail

to satisfy the central limit theorem.
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14.1.

14.2.
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The Walsh System; Empirical Measures

The Walsh system on the discrete cube Q = {—1, 1}¢ with the uniform count-
ing measure P as in item (v) in Introduction forms a complete orthonormal
system in L2(Q2, P). Note that each X, with t # () is a symmetric Bernoulli
random variable taking the values —1 and 1 with probability % For simplicity,
we exclude from this family the constant Xy = 1 and consider X = {X:};2yp
as a random vector in R” of dimension n = 2¢ — 1. As before, F, denotes the
distribution function of the linear form

(X.0) =) 0:X:. 0={0)rzpeS "
T

Since | X;| = 1 and thus | X| = /n, for the study of the asymptotic behav-
ior of the L>-distance w(Fy, ®) on average, one may apply Theorem 1.1.
Let Y be an independent copy of X, which we realize on the product space
Q? = Q x Q with product measure P> = P x P by

Xetos) =[]t o) =[Tse 1= i) s =G50 e Q.

ket ket

Then the inner product

d
(X,Y) = Y Xe(t,9)Ye(t,9) = =1+ [[ (0 + 150
T k=1

takes only two values, namely 24 _ 1inthe case t = s, and —1 if ¢ #* 5.
Hence

Ex.v) =@ -2l ra-2 =" +(1— : )~n2
n

and

4

1
" +(1— >~n3.
n—+1 n—+1

In other words, m; ~ /n and mi ~ nasn — o0o. As a result, we may
conclude that all inequalities in (13.1)—(13.3) are fulfilled for this system as
well.

Here is another interesting example leading to the similar rate of
normal approximation. Let ey, ..., e, denote the canonical basis in R".
Assuming that the random vector X = (X1, ..., X,) takes only n values,
Jnei, ..., /ne,, each with probability 1/n, the linear form (X, ) also

EX, V) =0 -D*279+0-27% =
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takes n values, namely, \/n 01, ..., /n 8,, each with probability 1/x, for any
0 =(@,...,6, € S"—!. That is, as a measure, the distribution of (X, 0)is
described as

1 n
Fyg = ; Z8ﬁ9k,
k=1

which may be viewed as an empirical measure based on the observations
Zr = /nb, k = 1,...,n. Bach Z; is almost standard normal, while
jointly they are nearly independent (we have already considered in detail its
characteristic functions J,, (t/n)).

Just taking a short break, let us recall that when Z; are indeed standard
normal and independent, it is well-known that the empirical measures G, =
% Y i— 8z, approximate the standard normal law & with rate 1/./n with
respect to the Kolmogorov distance. More precisely, E G, = ® and there is a
subgaussian deviation bound (cf. [22])

2

P{Vnp(Gy, ®) =1} <277, r=0.

In particular, E o (G, ®) < -%<. Note that the characteristic function g, () =

NG
1 —12)2

Ly €'k of the measure G, has mean g(f) = e

o and variance

1 : 1 : 1 )
Elgn(t) = I’ =~ Var(e'?) = ~ (1 = [E"“1P2) = ~ (1 =¢™").

Hence, applying Plancherel’s theorem and using the identity (4.7) for the
functions v, (o) with r = o = 0, we also have

Ea)z(Gn,(I)):i / E gn(t)t——g(t)‘zdt

2r J_ oo
1 [®1—e" 1
2rn J_ o 12 nym

Thus, on average the L2-distance (G, ®) is of order 1 //n as well.
Similar properties may be expected for the random variables Z; = /n 0
and hence for the random vector X. Note that | X| = +/n, while

1 n
E(X,00 =~ 3 (Jao’=1 0§,
k=1
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so that X is isotropic. We now involve an asymptotic formula of Corollary 5.1
which yields

By 0 (Fa, @) = % (14 ) E(1-a-67) - ﬁ ().

where £ = <Xn—Y> with Y being an independent copy of X. By the definition,
& takes only two values, 1 with probability % and 0 with probability 1 — %
Hence, the last expectation is equal to %, and we get

7/8 1
Ey ?(Fy, ®) = #juo(ﬁ).

As for the Kolmogorov distance, one may apply again Theorem 1.3, which
leads to the two-sided bound (13.3). Apparently, both logarithmic terms can
be removed. Their appearance here is explained by the use of the Fourier tools
(in the form of the Berry-Esseen bounds), while the proof of the Dvoretzky-
Kiefer-Wolfowitz inequality on p(G,, ®) in [13] is based on the entirely
different arguments.

15 Improved Rates for Lacunary Systems

An orthonormal sequence of random variables {X;}72 | in L%(2, 3, P) is called a
lacunary system of order p > 2, if for any sequence (ay) in £2, the series Y ey ak Xk
converges in L”-norm to an element of L7 (2, §, P). This property is equivalent to
the validity of the Khinchine-type inequality

(Elar Xy + -+ a, Xal?)' " < M, @} + - +ad)'/? (15.1)

for arbitrary a; € R with some constant M, independent of n and the choice of the
coefficients ay. For basic properties of such systems we refer an interested reader to
the books [16, 17].

Starting from an orthonormal lacunary system of order p = 4, consider the
random vector X = (Xi,..., X,). According to Theorem 1.1, if X2 = n as.
and EX = 0, then

1 1
cEp 0*(Fy, @) < n—3]E(X, Y) + n—4]E(X, Y)*, (15.2)
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where Y is an independent copy of X. A similar bound

(log n)?

——EX, 1) (15.3)

cEg p*(Fp, ®) < 1‘:%1& (X,Y) +
also holds for the Kolmogorov distance. As easily follows from (15.1),
E|(X,Y)|P < M"n?/.
In particular,
E|(X, V) ]} < MSnP2, EB(X,Y)* < M§n2

Hence, the bounds (15.2) and (15.3) lead to the estimates

cEy 0 (Fy, d) < n3—1/2 MS + niszf,
By 72, ) < 22 g4 LBy
Thus, if M, is bounded, both distances are at most of order n=3/* on average
(modulo a logarithmic factor). Moreover, if
Sim) = E(X.Y)? = Y (EX,X,Xp) (15.4)

I<iy,iz,iz=n

is bounded by a multiple of n, then these distances are on average at most 1/n
(modulo a logarithmic factor in the case of p).

For an illustration, on the interval 2 = (—m, w) with the uniform measure
dP(t) = % dt, consider a finite trigonometric system X = (Xi,..., X;) with
components

Xox—1(r) = /2 cos(myt),
Xok(t) = 2 sin(met),  k=1,...,n/2,

Mg+

where my are positive integers such that
my

> g > 1 (assuming that n is even).

Then X is an isotropic random vector satisfying |X|?> = n and EX = 0, and with
M, bounded by a function of g only. For evaluation of the moment ¥3(n), one may
use the identities

. . 1 .
cost =E, ¢'®!, sint = -E,ege'®,
i
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where ¢ is a Bernoulli random variable taking the values 41 with probability %
Let €1, &2, &3 be independent copies of €. Using the property that e1¢3 and e2&3 are
independent, the first identity implies that, for all integers | < n; < ny < n3s,

E cos(nit) cos(nyt) cos(nat) = E; E exp{i(e1n) + exny + &3n3) t}

= K, I{e1n1 + &2n2 + e3n3 = 0}

1
= E; I{ein) + enx = n3} = 1 I{n| + ny = n3},

where [E; means the expectation over (g1, €2, €3), and where I{A} denotes the
indicator of the event A. Similarly, involving also the identity for the sine function,
we have
E sin(n1t) sin(nat) cos(nzt) = —E; Ee1ey expli(einy + exna + e3n3) t}
= —E; e162 I{e1n1 + e2n2 + e3n3 = 0}

= —E; e162 I{e1n1 + &2np = n3}

1
= ——7 = s
1 {n1 +no =n3}

E sin(nt) cos(nyt) sin(nst) = —E, Eee3 expli(ein) + e2na + e3n3) t}
= —E; e1e3 I{e1n) + eany + e3n3 = 0}

= —E; &1 I{e1n1 + e2np = n3}

1
= ——7 = s
2 {n1 +ny = na}

E cos(n1t) sin(nat) sin(nzt) = —E, Eeye3 expli(einy + e2na + e3n3) t}
= —E; ere3 I{e1n| 4+ e2ny + e3n3 = 0}

= —E; &3 I{e1n1 + e2np = n3}

1
—__7 = n3).
) {n1 +ny =n3}

On the other hand, if the sine function appears in the product once or three times,
such expectations will be vanishing. They are thus vanishing in all cases where
n1 + ny #* n3, and do not exceed % in absolute value for any combination of sine
and cosine terms in all cases with n; 4+ np = n3. Therefore, the moment X3(n) in
(15.4) is bounded by a multiple of

T3(n) = card{(i1, i2,i3) : 1 < iy <ip < i3 <n, mj, +mj, =mj,}.
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One can now involve the lacunary assumption. If ¢ > 2, the property i < i» < i3
implies m;, +m;, < m;;, sothat T3(n) = X3(n) = 0.Inthe case 1 < g < 2, define
Ay to be the (finite) collection of all couples (k1, k2) of positive integers such that

q_k' +q_k2 > 1.
By the lacunary assumption, if 1 <i; <ip < i3 < n, we have
miy +mi, < (g7 4¢P my < myy,
as long as the couple (i3 — iy, i — i) is not in A,. Hence,

T3(n) < card{(i1, i2,i3) 1 1 < iy <ip <i3 <n, (i3 —i1,i2 —i1) € Aq}

<ncard(Ay) < ¢4n

with constant depending on ¢ only. Returning to (15.2) and (15.3), we then obtain:

Proposition 15.1 For the lacunary trigonometric system X of an even length n and
with parameter q > 1, we have

1 2
By o?(Fp, @) < L By p2(Fy, &) < 080
n n

where the constants ¢, depend q only.

In this connection one should mention a classical result of Salem and Zygmund
concerning distributions of the lacunary sums

n
Sp = Z (ax cos(mt) + by sin(myt))
k=1

with an arbitrary prescribed sequence of the coefficients (ax)r>1 and (bg)i>1.
Assume that m”‘ > ¢ > 1forall k and put

1 n
=22 @+ 20,
k=1

so that the normalized sums Z, = S, /v, have mean zero and variance one under
the measure P. It was shown in [25] that Z,, are weakly convergent to the standard

normal law, i.e., their distributions F,, under P satisfy p(F,, ®) — 0 asn — oo,

if and only if % +b”

— 0 (in fact, the weak convergence was established on every
subset of Q2 of p0s1t1ve measure).

Restricting to the coefficients 6x_1 = ax /vy, 62k = bi /vy, Salem-Zygmund’s
theorem may be stated as the assertion that p (Fyg, ®) is small, if and only if |0 =
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maxi<k<n |6k| is small. The latter condition naturally appears in the central limit
theorem for weighted sums of independent identically distributed random variables.
Thus, Proposition 15.1 complements this result in terms of the rate of convergence in
the mean on the unit sphere. It would be interesting to describe explicit coefficients
O, for which we get a standard rate of normal approximation (perhaps, using other
approaches such as the Stein method, cf. e.g. [14]).

The result of [25] was generalized in [26]; it turns out there is no need to assume
that all my are integers, and the asymptotic normality is preserved for real mj such
that inf; myfi—f' > 1. However, in this more general situation, the rate 1/n as in
Proposition 15.1 is no longer true (although the rate 1/4/7 is valid). The main reason
is that the means

NG sin(mwmy)

Tmp

EXoy_1 = \/EE cos(myt) =

may be non-zero. For example, choosing m; = 2~ + %, we obtain an orthonormal
system with EX»; = 0, while

242

EXoyp 1= ——.
2k—-1 7'[(2k+1+1)

Hence

8 1
E(X,Y) = EX?’=—= Y ——— — - 00
(X,Y) = [EX| n2;(2k+1+1)2 ¢ (n—o0)
for some absolute constant ¢ > 0 (where Y is an independent copy of X). In this
situation, as was already mentioned in (5.3), cf. Remark 5.3, we have a lower bound

c 1
Eg w>(Fy, F) > 0(_>
o " (Fo, F) 2 2J/mn O
Since E (X, Y)? = O(n) and E (X, Y)* = O(n?), this inequality may actually be
replaced with equality, according to (5.2). A similar asymptotic holds as well when
F is replaced with ®.

16 Improved Rates for Independent and Log-Concave
Summands

Let X = (X, ..., X;) be an isotropic random vector in R" with mean zero. If the
components Xy are independent, the normal approximation for the distributions Fy
of the weighted sums

So =X+ +6,X,, 0SS
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may be controlled by virtue of the Berry-Esseen theorem under the 3-rd moment
assumption. Namely, this theorem provides an upper bound

n
p(Fg, ®) < c Y 16 EIX; [ (16.1)
i=1

(cf. e.g. [23, 24]). Since E |X,~|3 > 1, the sum in (16.1) is at least Jiﬁ On the other

hand, (16.1) yields an upper estimate on average

Eg p(Fp, ®) = p3 = max E|X; 1, (16.2)
<n

ﬁ
which is consistent with the standard rate.

As it turns out, the relations (16.1) and (16.2) are far from being optimal for most
of 0, as the following statement due to Klartag and Sodin shows.

Theorem 16.1 ([20]) If the random variables X, ..., X, are independent, have
mean zero, variance one, and finite 4-th moments, then

1 n
Eg p(Fy, ®) < % Ba = - ZEX;‘. (16.3)

Moreover, for any r > 0,
su_1{np(Fo, ®) > cpar} < 2¢7V7.

In the i.i.d. case, B4 = EX ‘1‘, and we obtain an upper bound of order at most 1/n.
In fact, in the i.i.d. case, the relation (16.3) may be further sharpened under the
5-th moment assumption, if EX f = 0, and if ®(x) is slightly modified to

Gx)=dx) — h (x —3x)p(x), xeR,

_ 1 —x2/2 . .
where ¢ (x) = e is the standard normal density.

Theorem 16.2 If the random variables X1, ..., X, are independent, identically
distributed, and have moments EX; = 0, IEX% =1, ]EX% = 0, IEX‘I1 = P4,

E|X1]? = B5 < 00, then

cBs

Eg p(Fo, G) = pEYok (16.4)
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Moreover, for any r > 0,
Sp—1 [n3/2p(F9, G) > c,84r} <2 exp{—r2/5}.

We refer an interested reader to [4] and [11]. In the i.i.d. case, both inequalities
(16.3) and (16.4) are sharp in the following sense. If a3 = ]EX]3 # 0and B4 < o0,
then, for any function G of bounded total variation, such that G(—o0) = 0 and
G(o0) = 1, we have

Eg p(Fp, G) > -
n

with a constant ¢ > 0 depending on o3 and B4. Similarly, if a3 = 0, 4 # 3,
Bs < oo, then

Ey p(Fo. G) = —5.
where the constant ¢ > 0 depends on 84 and S5 only.

In the upper bounds such as (16.3), the independence assumption may be
replaced with closely related hypotheses. The random vector X is said to have a
log-concave distribution, when it has a density of the form p(x) = ¢~V ®) where
V : R" — (—o00,00] is a convex function. Recall that the distribution of X is
coordinatewise symmetric, if

PEIXL, ., EnXy) = p(X1, ..., X), X €R,

for any choice of signs ¢; = 1. The following theorem sharpening (16.1) is due to
Klartag.

Theorem 16.3 ([18]) Suppose that the isotropic random vector X = (X1, ..., X))
in R" has a coordinatewise symmetric log-concave distribution. For all § =

61,...,6,) e S*L

n
1Fy — @llrv < c Y67 (16.5)

i=1

Here, the total variation distance is understood in the usual sense as

||F9—<1>||Tv=/ [po(x) — p(x)|dx,

—00

where py denotes the density of Sp. By the assumptions, pg is symmetric about
the origin and is log-concave for any # € S"~!. Note that, by the coordinatewise
symmetry, the isotropy assumption is reduced to the moment condition EX 12 =1
(1 <i<n).
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In particular, it follows from (16.5) that

Eg p(Fo, ) < Eg || Fo — ®llTv < (16.6)

S |0

17 Improved Rates Under Correlation-Type Conditions

Up to a logarithmically growing term, the improved rate as in the upper bound (16.3)
can be achieved under more flexible correlation-type conditions (in comparison with
independence). For example, one may consider an optimal value A = A(X) in the
relation

n n
Var( Z a,;,‘X,‘Xj) <A Z a;  (aij €R), 7.1

i, j=1 ij=1

which we call that the random vector X = (X1, ..., X,,) satisfies a second order
correlation condition with constant A. This quantity is finite as long as the moment
E |X|* is finite.

To relate A to the moment-type characteristics which we discussed before,
one may apply (17.1) with a;; = §;; or (as another option) with a;; = 6;0;,
0 =,...,0,) € S". This gives that

o <A, mi< supl]ESg <14A,
feSn—

where in the last inequality we should assume that IEISQ2 = 1 for all 6 (i.e. X is
isotropic). In the latter case, necessarily A > "n;l, so that A is bounded away from
zero.

If the distribution of X is “regular” in some sense, one may also bound A from

above. For example, this is the case when it shares a Poincaré-type inequality
A1 Varu(X)) < E |Vu(X)|?, 17.2)

which is required to hold in the class of all bounded, smooth functions # on R” with
a constant A1 > 0 independent of u (called the spectral gap). We then have

4
A<—, A< —, (17.3)
Al

el P

where in the second inequality we assume that X is isotropic.
The following relation is established in [9].
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Theorem 17.1 If the distribution of X is isotropic and symmetric about the origin,
then

logn
Eg p(Fp, ®) < cA . 17.4)
n

The proof is based on the second order spherical concentration phenomenon
which was developed in [6] with the aim of applications to randomized central
limit theorems. It indicates that the deviations of any smooth function #(6) on sn—l
from the mean Eyu(0) are at most of the order 1/n, provided that u is orthogonal
in L2(R", s,_1) to all linear functions and has a “bounded” Hessian (the matrix
of second order partial derivatives). Being applied to the characteristic functions
u(@) = fo(t), this property yields an upper bound

cAt*
2

Eg | fo(t) — (D> < —

on every interval |f| < An!/> with constants ¢ > 0 depending on the parameter
A > 1 only. This estimate can be used to bound the integrals in (8.4) to get a similar
variant of (17.4).

The symmetry hypothesis in Theorem 17.1 may be dropped, if A is replaced
by Al_l which is a larger quantity according to (17.3). In addition, one can control
large deviations of the distance p(Fy, ®) for most of the directions 6 (rather than
on average). The corresponding assertions are obtained in [10].

Theorem 17.2 Let X be an isotropic random vector in R" with mean zero and a
positive Poincaré constant Ay. Then

1
Eg p(Fp, ®) < cAy! 05". (17.5)

Moreover, forallr > 0,

lo
si-1{p(Fo @) = ca] =220 ) < 2,

The logarithmic term in (17.5) may be removed using the less sensitive L>-
distance:

Ep o (Fp, @) < ——.
A2 n?

There is an extensive literature devoted to bounding the spectral gap A from
below. In particular, it is positive for any log-concave probability distribution on R”.
A well-known conjecture raised by Kannan, Lovész and Simonovits asserts that A
is actually bounded away from zero, as long as the random vector X has an isotropic
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log-concave distribution (cf. [15]). The best known dimensional lower bound up to
date is due to Klartag and Lehec [19] who showed that

M=z
(logn)®

for some absolute positive constants ¢ and o (one may take o = 10). Applying this
bound in Theorem 17.2, we therefore obtain:

Corollary 17.3 Let X be an isotropic random vector in R" with mean zero and a
log-concave probability distribution. Then with some absolute positive constants ¢
and o

Eg p(Fy, ®) <

c(logn)*
- (17.6)

Thus, there is a certain extension of Klartag’s bound (16.6) at the expense
of a logarithmic factor to the entire class of isotropic log-concave probability
distributions on R”".

One may also argue in the opposite direction: upper bounds of the form

1 B
By p(Fy, @) < S8 g
n

in the class of log-concave probability distributions on R” imply lower bounds A >
c (logn)~" with some g’ > 0, cf. [9].
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